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ABSTRACT

The method of difference equations is applied
to the problem of estimating temperature patterns
in multiply-shielded systems. Results are obtained
in terms of elementary functions which can be
readily evaluated. The equations are employed to
examine the effect of shield curvature, end
radiation and gas radiation on the temperature
recorded by a shielded thermocouple for a variety
of operating conditions, Calculations indicate
that whereas shield curvature and gas radiation may
be neglected in a well-designed shielded thermo~
couple, end radiation can result in a substantial

error in the thermocouple~-temperature measurement.
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INTRODUCTION

A schematic diagram of a multiply-shielded system is shown in Fig. 1.
The shield system is assumed to be located in a flowing gas stream of temperature

Tg which is, in turn, contained in a duct with a wall temperature Ty,

The temperature of the central body T3, in the absence of any shielding,

may e computed by solving a heat-balance equation which considers radiant heat
exchange with the duct wall, convection and radiation to and/or from the gas stream
and any heat generated or absorbed by the shield. Conduction is neglected since
this effect can usually be made negligible by suitable insulation cf the supoorts.
An additional heat balance equation is written for each added shield. The system of
equations describing the shield array shown in Fig. 1 contains v} unknown temperatures
among the n algebraic relations, This system of equations may te solved in a number
of ways,

The use of difference equations in the analysis of multiply=-shielded systems
appears to have been neglected in the engineering literature. This mathematical
procedure, however, yields equations in terms of elementary functions which are
readily evaluated. This paper is, therefore, orimarily intended to present an
engineering method for rapidly estimating the temperatures in configurations with
thermal-radiation shielids.

ASSUMPTIONS

The following assumptions are made:

1 The convection coefficient he is constant within the shield system.

2 The linearized radiation coefficient hp is constant within the shield
system,

3 The stream temperature Tg is uniform.

L The wall temperature Tw of the duct enclosing the shield system is
uniform.,
5 The temperature of each shield Tk is uniform.
6

Conduction losses are negligitle.

The linearized radiation coefficient hy is generally computed as:

he = Lo~ €T3
g
where T ie an "average" temperature in the shield system. The calculation of the ~
convective heat transfer coefficient hy and the "effective" gas stream temperature
Tg hae been amply discussed in many references (l), (5) and is not included here.
. P

Underlined numbers in parentheses refer to the Bibliography at the end of the paper. ————
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ESTIMATION OF TEMPERATURE PATTERNS IN MULTIPLY-SHIELDED SYSTEMS

By J. G. Bartas and E. Mayer

NOMENCLATURE
The following nomenclature is used in this paper:

A,B,C.,D = Constants

[

E = end radiation factor
F = intra~shield radiation factor
G = gas-chield radiation factor

heat transfer coefficient, (Btu/hr-ft2-deg R)

o
i

k = integer (1, 2, o.on)

number of probe elements

=
1

T = tempverature, Deg R,

. AT = Te=T, deg R.

m
L]

emiscsivity
a = Boltzmann constant, (Btu/hr-ft2-deg Rh)

Subscripts

c convection

g = gas

i = innermost
o = outermost
r = radiation
w = wall

"_' 1329o00k9

oo = index refers to shield element

Other symbols are defined as they are introduced in the text.




A SIMPLE SHIELD FYSTEM

The following analysis of a =imple shield system illustrates the general
analytical procedure and, furthermore, leads to resulis closely approximating those
of more complex systems described in the next section.

Consider a shield system consisting of a cet of plane parallel shields
arranged about a central body as shown in Fig. 1. Assume that the external radiation
and convection heat-transfer coefficients are aqual to the internal radiation and
convection heat-transfer coefficients, respectively. Also, assume that end radiation
to and from the shield assembly is negligible and there is no interchange of radiation
between the shield system and the gas stream,

With reference te Fig., 1 the preceding assumptions lead to the following
heat balance equation, per unit shield surface area, for the shield element with index k

2he(Tg = Tk) + hp{Tke1 = Tk) * hp{Tk+1 = Tk) =0 3<k€n , . (1)

It is convenient to employ the temperature difference identity.

LT ZTg-T

in terms of which the heat-balance equation becomes

AT1+1 hd ZAATk + ATk_l - 0 1<k<n ° ° ° ° 0(2)
where
he + hy
h..

o

A =

Equation (2) is a homogeneous linear difference equation of the second order
with constant coefficients. The solutions of difference equations of this tyre,
where A is a real constant; are well known, For the case where A> 1 the general
solution is of the form (reference 2 page 2L1l.)

ATk L) Clﬁ'.'(k * 026"’(1( ° ° ° ° (3)
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where ol is defined by cosh = A, and C] and C2 are constants which are determined by
the boundary conditions.

The btoundary conditions are given by the heat-talance equations written for
the central body (k = 1) and the outermost shield (k = n). These equations are

Bo(Tg = T) * Bp(Tyay = T) 20 k=1 o . . (k)

ZhC(Tg ’Tk) + hxa(Tkml - Tk) + hr(Tk+l 4 Tk) ® 0 k= Ti ° - ° {5)
In terms of the temperature difference A T the boundary conditions become

AAT:L‘“AT2HO s ° ° ° ° (6)

2AATn bl ATn“l = ATW ° ° ) ° (7)

The constants Cy and Cp are determined by substitution of Equation (2) into
the boundary conditions, Equations (6) and (7), which yield

cr = e~ ATy o o o o(8)
1 eoth + @=xXn

e” AN
Co = T,
2 eo<n+ enegn Y

o o \'(9)

Inserting these results into Equation (3) and simplifying, we arrive at a
simple expression for the temperature of any element in the simple shield system:

. ATk _ cosh(k-1)ex
ATw - CoSh n

k=1,2,00on , (10)

The temperature difference at the central body (T, - T1) may be readily
computed from the relation obtained by setting k = 1 in Eouation (10)




) v 3 v ° ] (ll)

Equation (11) is convenient for estimating the number of radiation rshields
necessary to suporess lateral radiant heat transfer in a multiply-shielded system to
a desired level. Fouation (11) is plotted in Fie, 2, where curves of AT}/AT, versus
n for hc/hr valuez of 2, 1 and 2 are shown, VNote that Eauation (11) is valid for gas
temperatures either greater or less than the wall temperature.

THE NENERAL SOLUTION

The method of determining the temperature pattern in a shield system subject
to more general boundary conditilons is analogous to the method outlinec in the fore-
going. A schematic diagram of a circular cylindrical multiple-shielded system is shown
in Fig, 3. The heat-talance equation for the k'h element, including end radiation
effects, is

("he = Ghe)(Tg = Tk) * Fhr(Tk-1 ~ Tk) + hr(Tk+1 = Tk) + Ebr(Tw -~ Tk) = O

1€K<n o o e e e e . . (12)

The parameter G is a measure of the amount of net radiation between the gas
and the kth shield in relation to the lateral radiation between the shields. It
inclndes end radiation to and from the gas, as well ar any radiant heat exchange with
the gas flowing between the chields,

The radiant-interchange configuration factor F is the fraction of radiant
energzy leavinz the rurface of the kth element, which ic intercepted by the surface of
the (k-1)th element. For circular cylindrical rhields

F-'Rkwl
R

where R ir the shield radiue (L},

The factor E is a mearure of the amount of end radiation between the wall
and tre kbb element, Valnes for E may aleo be computed with the aid of reference (L).

The narameters E, F, and G are acsumed cenctant for all internal elements
of the rhield ascembly. If they are concidered ar functions of the index k, the
coefficients in the difference eauation are variatlec, and no general colution is
usually obtainakle,
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Equation (12) is written in the temverature-difference nctaticn ars:

2hg + (1 + E+ F + Ghy

ATk"‘l - h ATk + FATk_l = EQTW l( ken . . .(13)

r

Thie equation is reduced to a '"standard" form rimilar to Equaticn (2) bty
the ure of

k
ATy = PPAU, . . . . . (1)

Comtining Eouations (13) and (1L) we arrive at

AUk+l - QBAUR + AUk_l - ATW » . 0(15)

where

2 + (L + E+F+ 0Oy

° = oh,F*

Ecuation (15) is a nonhomogeneous linear equation of the second order with
conrctant coefficients,

The general solution of a nonhomogeneous ecuation of the form of Eouation

(15) may be expressed as the sum

Av = aul® e adl® L L L L (e

where zﬁUﬁH) is the general solution ¢f the Lomogenecus ecuation
AUk'Fl - ZBAUk + AUk_l =0

and [lUﬁP) ie any particular solution of Equation (15).
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The general solution of the Lomopeneour ecuvation is [cf. Eouaticns (2) and
(3)]
AU = pjesK e pgTER 0 0
where
B = cosh /@

The particular solution can te derived bty the method of undetermined
coefficients, It may be verified that a particular soluticn is

"EATW

(P) .
Al * =%
s 1
72 (2BF2-1-F)

e e« . .(18)

by substituting this exoression in Eouation (15).

The general equation for ATy is therefore

k
. '2' k - EATW
AT = F [D]_Cﬁ +D2€6kJ--—“]—_——~" 1<k<n .. . (19)
2BFZ2-]~F

The two toundary conditions for the ehield system shown in Fig. 3,
including end radiation effects, are

(he + hei + Gibr)(Tg - Tk) + hr(Tk+1 - Tk) + Eihr(Tw - Tx) =0 k=1 . . . (20)

Tk) + hro(Tw - Tk)

(hc *+ hco + Gohr)(Tg = Tk)+ Fhr(Tk-1

+ Eohro(Tw = Tk) = 0 k .(21)

H
3
°
°
-

In the temperature-difference notation the boundary conditions are written as

1
JlFf‘ AT]_ - ATQ = EiATW - ° L] . (22)
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1 . - hya -
JnF‘?’; AT‘Q - fATn—l = (]— + E‘f}) T AT‘N - 1] '] (?)}
r
where
he +hes +{1 + By + Gidhy

T
F*h,

Ji1 =

he + heo + (F + G5)hp + (1 + E dhpg
Jn = by

Fh,,

The constants D] and D2 in Fouation (19) are evaluated witr thre aid of
the htoundary concdition Ecuations (22) and (23). Aifter some algetraic manipulation
the final equation for ATk ie

ATy

AT, LV + Po¥o

_A..Tw_ - ¥ —(JlJn = l)f"inmn"l—)/s _(Jl + Jn - 2)°1nh(n—?)/:s

E
1
2BFz2-1-F

Vi = d, sinh(n-kﬂ,fg— Sinh(n—k—llAf

Wy = gy cinh(k-1) G = cinn(k-2) 4

1
Es  (J1F?-1)E
ybl _— ———m
F FO2RF~=1=F)

i

¢, o L+ B (JpFE= F)E
2 7 n+l

Flsthy Pt (28R 1-F)

The refinements of Ecuation (2L) are incernrictent with the crude initial
assumptions., However, the ecuation may bte uced to determine the relative imsortance
of ceveral parameters which bave been assumed to influence the temperature pattern of

the chield system.




EFFECT OF CEIELD C'™VATUPE TN "HER'CTOVPLYT APTLICASTTONC

The first of these varameters o te concidered is shieid curvature, The
ratio 8T1 1ir plotted ar a function of the nurter of nprobe elawents in Fig. Ui for
AT, ceveral values of he/hy with the configuration factor F taken as 1.0,
0.9 and 0.8, The innermort orote element (kwl) har been celected for
comparigon since thirs element is of mort interest in rhielded thermocounle ammlications
where curvature effects may te imvortant. -

It is reen in Fig, L that the influence of rharply-curved and/or widely
rpaced curved rchields on *he temperature of the innermost elerient of a shielded
thermocouple system is recondary in relation to the influence of the numter of
chields and to variations in convective and radiant hLeat transfer. Furthermore, the
factor F ir close to unity for typical rhielded therrocouple gecmetrie: ‘:). Thece
assemblies may therefore be analyzed ac parallel chield ascembli.c wit: on.y kigher
order errors incurred due to nerlecting the effect of ckield c - ‘v: zure.

END RADIATTQON

A skielded thermocoupnle is also a convenient model to ure in ¢stimating
the contritution of end radiation to variations in the temmerature vatterns of a
shield system. The ratio ATy/ AT, is plotted againrct the nurter of thermocouple
elements v in Fig, 5 for end radiation coefficient (E) values of 0,00, 0,01 and 0.02.
The end radiation factor E is of the order of 0.0l to 0.02 for typical thermocouple
shield assemblies (3).

It can be seen in Fig. 5 that end radiation becomes the dominating influence
as the number of shields increases. This is due to tke fact that end radiation
depends very little on the numbter of shields and tecomes completely independent of the
numer of rhields once lateral radiation is sunpresced. For exarmle, if he/hy = 20
and E = 0,02, the ratio ATy/ATy is dependent on the numter of rhields, as followe:

Numter of Shields ATy
(n=1) AT,
1l 0390
2 <0094
3 .00L3
L «C03L
5 0033
oo «00327

Fig. 5 quantitatively illustrates the well-known fact that end radiation
should not be ignored if a high degree of accuracy in thermocouole temperature rieas: re-
ments i# required, :

BEST AVAILABLE CUPY
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SAS BADTACTON

It is not feacsible to nlot the effect of varying G fer 2 trerrmccouple
cince the curves for varicus valuer of G tend to overlan., iris 2ifect i:r illurtrated
ty the fcllowing tabulated resulte:

fifl
ATy
Nunter of Thields Value of G
_(n-1) 0,00 _0.01_
1 .09L8 .09L1
2 0271 026
3 .008¢ .0089
L .00L06 .00L06

Conditions = hy ¥ hgy & heo 2 ky = hyo
E= By = B = 0.01
F=1,0

As the numbter of cshields increacses the temmerature of the nrobe approaches
the gas temverature and no appreciable radiant energy is exchan~ed tetween the
thermocounle and the gas stream.

CCHNCLUSICNS

The preceding analysis presents an engineering ethod for ra-idly ertimating
the temperatures in a system whick contains an array of thermal radiation rshieldrs,
The apnlication of the calculus of finite differences leads to an equation which may
be used to compute the temperature of any shield once the syster parameters have been
evaluated. The method applied to the protlem of temnera‘ure measurement bv shielded
thermocuples produces results which are cualitatively well known, e.g. chield curvature
and gas radiation effects are cecondary quantities in a well-chielded thermocourle;
end radiation ma~ te important. The cuantitative influence of convection, radiation,
the number of rlieldes, ete. on the thermocounle reading mav te ceen readily from the
graphs whkich are included.
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